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We use a version of the Martindale ring of quotients to study prime ideals in 
extensions of a ring R corresponding to two cases. If G is a group of 
automorphisms of R we form the crossed product R * G. If f is a Lie algebra of 
derivations of R we have the twisted differential operator ring, denoted by R * 9 
(sometimes known as the “twisted” smash product R #, %I( 8)). We obtain 
analogues of Incomparability for crossed products of nilpotent groups, and differen- 
tial operator rings of solvable Lie algebras. In the case of crossed products, the 
incomparability result of D. S. Passman and M. Lorenz for the infinite cyclic group 
(also proved by G. Bergman) is generalized. $ 1987 Academic PKSS, IOC 
1. INTRODUCTION AND PRELIMINARIES 
We use a version of the Martindale rings of quotients to examine the 
structure of prime ideals for certain crossed products of infinite groups, 
and differential operator rings. In the case that we have extended inner 
(g-inner) automorphisms or derivations of a ring R, we obtain a fairiy 
complete description of the behavior of primes in terms of the primes in 
group algebras and enveloping algebras over a field. Generally we obtain 
analogues of incomparability for crossed products of nilpotent groups, and 
solvable Lie algebras over fields of characteristic zero. 
Let R be an associative ring with 1. We study extensions of R 
corresponding to 2 cases. If G is a group acting as automorphisms of R, we 
form the crossed product R * G. If 9 is a Lie algebra over a field k acting as 
derivations of a k-algebra R, we then form the differential operator ring 
denoted by R * 9 (Sometimes known as a twisted smash product 
R #, %( 8)). We treat these two types of extensions in Sections 2 and 3, 
respectively. In the case of crossed products we extend a result of Passman 
and Lorenz [S, Theorem 5.81. 
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Let R * g be either a differential operator ring or a crossed product, and 
let PO c . * + c P, be a chain of prime ideals having a fixed intersection with 
R. Our principal results yield bounds on the length n of such chains. If g is 
finite-dimensional (finitely generated) abelian, then Theorems 2.11 and 3.9 
establish bounds depending on the dimension (rank) of 8. Theorems 2.18, 
3.10 and Corollary 2.19 deal with the case where g is a solvable Lie algebra 
in characteristic zero, or where g is a finitely generated abelian group. 
In this section we present results concerning the quotient ring which 
depends upon a group or Lie algebra action. We shall denote groups and 
Lie algebras by 9 and state parallel results for the two cases. 
The results of this paper form a part of the author’s doctoral thesis, 
which was written under the supervision of Professor Donald S. Passman. 
DEFINITION. A f-invariant ideal Q c R is said to be f-prime if for all 
y-invariant ideals A, B c R with AB c Q, either A c Q or Bc Q. We say 
that a ring R is y-prime if (0) is a g-prime ideal of R. 
Actually we may replace B in the definition with an element of R\Q 
because for automorphisms or derivations, the right annihilator of a 
f-invariant ideal is g-invariant. 
In studying prime ideals of differential operator rings R * 9 we are led to 
the case where R is a g-prime. It is then useful to construct a (Martindale) 
quotient ring of R. 
Let B =9(R) denote the set of g-invariant ideals of a g-prime ring R. 
As is done in [7], we use the two-sided quotient ring R of R with respect 
to 5. Set S = R,. This notation shall be fixed when R is q-prime, unless 
otherwise specified. 
Briefly, S = R, can be described as equivalence classes of pairs of maps 
(f; g) where f: A + R, g: B + R, (A, BE 9) are left and right module 
homomorphisms, respectively, satisfying (af)b = a( gb) for a E A and b E B. 
Two such pairs are defined to be equivalent if they agree on a common pair 
of domains. Alternatively, S can be described as the subring of the left ring 
of quotients consisting of elements s such that sA c R for some A E 9. This 
latter construction was used by Kharchenko in [7]. In fact the map 
induced by (S, g) +f embeds S into the left quotient ring. More infor- 
mation on this symmetric quotient ring may be found in [12]. 
Henceforth in this paper, for a f-prime ring R, S= R, will denote its 
quotient ring as above, C will denote the center of S, and 9( 8) will denote 
the set of nonzero, p-invariant ideals of R. 
LEMMA 1.1. Let t be either an automorphism or a derivation ofa g-prime 
ring R. Let s be an element of the left ring of quotients of R such that 
T(r) = s-‘rs if T is an automorphism 
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or 
7(r) = sr - rs ifi is a derivation. 
Then s E S, the two-sided quotient ring of R. 
Proof Suppose r is a derivation. Since s is an element of the left 
quotient ring, there exists A E 9 with As c R. Observe that 
z(a) = sa - as 
for UEA. Since 7(A) c A, it follows that sA c R. Thus SE S using the 
description of S as a subring of the left ring of quotients. 
The case where 7 is an automorphism follows analogously. 
The following lemma summarizes some basic properties relating R to its 
quotient ring S. 
LEMMA 1.2. Let R be a g-prime ring. 
R is embedded in S via left and right multiplication on R. 
(ii) Let s 1 ,..., s be elements of S. Then there exists A ~9 with 
siA c R and Asi c R for all i. If either Asi = 0 or siA = 0, then sj = 0. 
(iii) Let s E S be an element of the two-sided quotient ring represented 
byf:.A-+Randg:A.+R. Thenaf=asandga=saforallaEA. 
(iv) The derivations 6, (or automorphisms a,), x~g extend uniquely 
to s. 
Proof We prove (iv) for derivations only. The reader may consult [S] 
where similar statements are proved for the left quotient ring. 
Let D, D’ be derivations of S with the same restriction to R. Let s E S 
and A E F( 8) with As c R. Then 
D(m) = D(a)s + aD(s) for all a E A. 
Subtract the correspcnding equation for D’ to obtain aD(s) - aD’(s) = 0. 
Thus A(D’(s) - D(s)) = 0, whereby (ii) implies that D = D’. 
In view of the expression for D(as) above we are led to define an exten- 
sion of D E 6( 8) c Der, R as follows. Let s = f with f defined on A E 9( 9). 
Definef,:A-+R by 
afn = D(af) - D(a)f, aEA. 
These definitions make sense because A is D-invariant, 
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To see that fD is a left R-module homomorphism. Let a E A, r E R. Then 
(ra)fLl = D(df)) - D(rQ1.f 
= D(r(d)) - D(ra)f 
= D(r)(d) + rD(d) - (rD(a))f - (D(r)a)f 
= rD(uf) - r(D(u)f) = r(afD). 
Thus fD E Hom( & R). 
For s = f~ S, define 
an element of the left quotient ring of R. Using Lemma 1.2 it is easy to 
show that D, is independent of the representative f chosen. 
To show that D, extends D we must show that for t E R, ae R, 
t(u,)D = to(a), (a, = right multiplication by a). Observe that 
t(a,)D = D(w) - D(t) a, 
=D(tu)-D(t)a 
= tD(a) = tD(u),. 
It remains to show that D, is actually a derivation of S. It is clearly 
linear. Let s,,s,~S and AE~(P) with As,cR, As,cR, and As,s,cR. 
Using Lemma 1.2(iii) we have 
uD,(s) = D(m) - D(a)s 
for all CZE A and SE S with As c R. Therefore, for all UE A, 
aD,(s,s,) = D(us,s,) - D(a) sIsz. On the other hand, 
@,(s,)s, +s,D,(s,)) =D(as,) 32 -D(a) ~132 
+ D(us,s,) - D(us,) s2 
=D(us,s,)-D(u)s,s,. 
Hence A(D,(s,s,) - (D,(s,) s2 + s, Ds(s2)) = 0. Thus D,‘is a derivation. 
To see that D,(s) E S for all s E S, let A E F with sA c R, and observe that 
D(sA) c D,(s)A + SD(A) c R. 
Since D(A) c A, we see that SD(A) c R and therefore D,(s)A c R. Thus 
D,(s) E S, so that D, is a derivation of S. 
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This completes part (iii) for derivations of S. We remark that a minor 
adaptation of this proof shows that derivations extend uniquely to the left 
and right quotient rings; in fact, the definition D,(s) =fD (s =f) defines an 
extension to the left quotient ring. The ideal of extending derivations to the 
quotient ring has been used by Kharchenko [7] (and others) in the prime 
case. Henceforth we shall assume that R c S and that the action of 9 is 
defined on S. 
Extended Inner Actions and Central Closure 
DEFINITION. (i) Let D be a derivation of a g-prime k-algebra R. Sup- 
pose there exists E S such that [s, ] = D as a derivation of R. We then say 
that D is a g-inner derivation of R. D is g-outer otherwise. 
(ii) Let r be an automorphism of a y-prime ring R. Suppose there 
exists a unit s E S such that conjugations by s equals r. We then say that r 
is a g-inner automorphism of R. z is p-outer otherwise. 
Denote the elements of 9 whose images in Der, R or Aut R are f-inner 
by gin”. The center of S = R, is called the extended center of R and will be 
denoted by C. 
It is well known that, if R is a prime ring, the center of the (left) Martin- 
dale ring of quotients is a field (see, e.g., [1. Theorem 53). In our situation 
we show below that C is a field if JZ = 9,““. 
It is also true that the elements of C are those whose representatives are 
R - R bimodule (i.e., “self-adjoint”) maps. The center of both the right and 
left quotient rings coincide with the center C of S. 
A g-prime ring R is said to be centrally closed (relative ro 8) if R con- 
tains C. We show below that, again assuming 9 = plnn, S is centrally 
closed. Of course we first need to observe that if R is f-prime, then S is 
also. 
LEMMA 1.3. Let R be a g-prime ring and let S = R, be the two-sided 
quotient ring. Then S is a g-prime. 
Proox This is an easy consequence of Lemma 1.2(ii) which implies that 
any ideal of S has nonzero intersection with R. 
THEOREM 1.4. Let R be g-prime. If 9 = gin,,, then S is prime, centrally 
closed, and C, the extended center of R, is a field. 
Proof: Observe that S is prime because g leaves invariant all the ideals 
of S and S is g-prime. As we have remarked, the extended center of the 
prime ring S is a field. Furthermore, 9 acts trivially on C, the center of S. 
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We show that S is centrally closed. It then follows that C is the (exten- 
ded) center of S, so that C is a field. 
Let z be an element of the extended centroid of S. Then there exists and 
ideal 0 # Zc S such that 0 # Zz c S. Because z is central we see that Zz is an 
ideal of S. As remarked above, Zz is p-invariant. 
Lemma 1.2(ii) mplies that Zz n R is a nonzero ideal of R. Therefore 
J= {UEZIUZE R} 
is nonzero. Note that J is an R - R bimodule contained in I. Fix a E J. If 0 
is a g-inner automorphism of R and D is a g-inner derivation of R, then a 
and D extend to S,, the quotient ring of S. Since a and D are induced by 
elements of S, we have D(z) = 0 and a(z) = z. Thus 
D(uz) = D(u)z, 
and 
a(uz) = a(a)z. 
It follows that J is y-invariant. 
Let A = .Zn R. Then A #O by Lemma 1.2(ii) so A E~( 8). Define an 
R - R bimodule homomorphism 
g: A-+R 
by ug = gu = uz, a E A. g represents an element c E C, the center of S. Since 
AcZ, and uc=uz=ug by Lemma 1.1, 
u(c-z)=O, for all a E A. 
But both c and z are elements of the extended centroid of S, which is a 
field, so z = c E S. This shows that S is centrally closed. 
An Ideal Correspondence 
The following result is probably well known, and is crucial to our results. 
Assume that R is prime, without a g-action, for this lemma. 
LEMMA 1.5. Let R be a centrally closed prime subring of a ring 9 and let 
C denote the center of R. Suppose that E is a subring of 9 containing C and 
centralizing R. Zf 59 = R ac E, then every prime P of W with P n R = 0 
satisfies P= RO, (Pn E), and Pn E is a prime ideal of E. 
Proof: Let P be a nonzero prime of W with P n R = 0. We first show 
that P n E # 0. Let c( = C; ri@ e, be an element of P minimal among such 
expressions of nonzero elements of P. Fix the elements e,, e2,..., e, E: E. 
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Define ideals A = B,, B, ,..., B as follows. Let Bi= (TE R 1 there exists 
x bi@e,e P with h, =r}. The Bi are nonzero ideals of R, and for each 
CI E A there is a unique element Jl = C ai@ ei E P with a = a,. Uniqueness 
follows from the minimality of n. Thus we can define maps J: A + Bj by 
uf, = a, for all a E A. Since E commutes with R, the f, are R - R bimodule 
maps. It follows that ci=f, i= l,..., n, is an element of the extended center 
of R. But R is centrally closed, so c, E C for all i. Define 
If a E A, then there exists C; ui@ eiE P with a, = a. By construction 
up = 17 uci 0 e, = C; ufi 0 e, = C; ui 0 ei. Hence A/l c P. Since E commutes 
with A and RO, E = ~2, A @E = RA is an ideal of W having nonzero 
intersection with R. We deduce from the primeness of P, (A @ E)b c P, and 
the assumption that PA R = 0, that /I E En P. Thus P n E # 0. 
We claim that P = R@, (PA E). If not, there is a proper 
homomorphism 4: R Oc (E/( P n E)) + (R 0 E)/P. Apply the above 
argument to R 0 (E/( P n E)) to obtain ker 4 n E/( P n E) # &a contradic- 
tion. Therefore P = R 0 (P n E) as claimed. 




Therefore (R@ Ai) c P for some i. It is immediate that A, (= 10 A;) is 
contained in P n E. Hence P n E is prime. 
COROLLARY 1.6. Let 6% = RE where R is prime and centrally closed. 
Suppose that Cc E and E centralizes R. If W is prime, then 9f = R Oc E. 
Proof: Map R@, E + RE. The kernel is a prime ideal of R@ E and 
has zero intersection with both R and E. The lemma implies that the kernel 
is zero. 
2. DIFFERENTIAL OPERATOR RINGS 
The object of study in this section is the ring of differential operators, 
denoted by R * 8, where g is a Lie algebra whose elements act as 
derivations on the k-algebra R. R * 9 can be viewed as a (twisted) smash 
product, though we shall avoid any Hopf-algebraic perspective. 
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Our Lie algebra 9 will be equipped with a k-linear map 6: 9 + Der, R, 
x -+ 6,. 6 will not necessarily be a Lie algebra homomorphism. 
We briefly describe R * 8. The underlying space of R * 9 is ROk 42(y), 
where @( 8) denotes the universal enveloping algebra of 9 Multiplication is 
obtained from the multiplication i R and the relations 
,+ir - t-2 = 6,(r), 
and 
xj - jx = [X, j] = [x, y] + t(x, y), 
where x, y~g, r E R, and the map ~ gives the image of elements in 9 in 
R * 8; t: 9 x 9 + R is a particular twisting of the bracket in 8. If the map t 
is identically zero, R * 9 is the differential operator ring R[p16 described in 
[3, Sect. 41, and, in this case, 6 is a Lie algebra homomorphism. 
If B is one-dimensional, t is trivial, and we have the Ore extension 
R[x]~,, which we denote by R[xla, letting 6 =6,. 
As it turns out, to study R[yls we must deal with the more general 
twisted construction. Specifically, given R * g and an ideal a c 8, then we 
have R* f=(R * a) * g/a, some twisted differential operator ring over 
R*a.~actsonR*aviathemapx-+[Z,]forallxE~. 
R* 9 is a free left and right R-module with basis consisting of standard 
monomials in {Xi} where xi, x2,..., forms a basis for 8. Thus every 
c( E R * 9 is uniquely expressible as a = C a,+?, a, E R. 
It should be remarked that the twisting of R * 9 arises from a twisting of 
9 which must satisfy certain relations for R * 9 to be an associative algebra. 
In fact these relations are identical to those which define a Lie 2-cocycle. It 
seems likely that this twisting corresponds to a cocycle twisting of the 
associative algebra U(f), as is true if R is commutative, though this 
appears to be somewhat involved (see [9] for a construction with R com- 
mutative). 
Preliminaries concerning R * 9 
Fix an ordered basis {xi} for 9 and let J be the set of nonnegative 
integers. Write v = (vl, v~,...), a dim g-tuple with finitely many nonzero 
entries in J. If a E R * 8, we adopt a = C a,%” as a canonical form, where 
X” = Z;:lXy ... X; and a, E R. On occasion we will write coefficients on the 
right as well. 
With respect o this basis of monomials we order elements of R * 9 as 
follows (see Dixmier [4,2.6.1]). Denote the total degree of a tuple v by 
Iv1 = C v, and let 
J,= {v I I4 =m}, m E J. 
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Then there exists a unique ordering < ( 6 ) on J satisfying: 
(i) J,,<J,<J,< .... 
(ii) For all m, < restricts o the lexicographic order on J,. 
For CI E R * 9 define deg CI = p where c( = C, c ~ a,.,?“, and ~1, # 0. Further, 
let [cl/ = 1~1. Declaring that deg(O)= -co, we have the standard fact that 
1 [X’, %“]I < 1~1 + Iv1 for nonzero monomials X”, 3’. We also note that in 
defining /cl1 above we could have written the a, on the right, and in fact if 
a = ClmGcl X”al, then a,=a:, for all v with IV = 1~1. 
If a E R * 9 is written as above (with coefficients on the left), let Supp(a) 
denote the set {X’l a,, #O}, the right support of c(. The left support of ~1, left 
Supp(cc), is the corresponding set with coefficients on the other side. 
For a ring R and 6: 9 + Der, R. F( 8) denotes the set of nonzero 
g-invariant ideals of R. S = R.? denotes the 2-sided quotient ring of a 
g-prime ring R, defined in Section 1. 
In the case of a l-dimensional extension of R, we shall sometimes write 
R[x’Ja for R * 8. This is usually called an “Ore extension.” Here x E g \ 0, 
6 = 6,, and the twisting tis necessarily trivial. 
We say that x E 9 is a y-eigenvector if for every y ~5 8, [ y, x] = f$( y)x for 
some 4(y) E k. Then 4 E Hom,( 8, k). C$ is said to be an eigenvalue for x. 
We take the opportunity to state a version of the Leibniz formula. 
LEMMA 2.1. Let R * 9 he a differential operator ring and, using the 
notation above, let .?’ = XV’?. . . Xp be a monomial in R * 8. Then for all 
rER, 
where 6’. = 62.1 . . . ,jj.” and 
x, i, 
LEMMA 2.2. Let R * 9 be a differential operator ring and suppose A is a 
g-invariant ideal of R. Then A(R * 8) = (R * 8 )A, and hence A(R * 8) is an 
ideal of R + 8. 
Prooj: Fix a basis of monomials {xv> for %( 8). For each monomial xv, 
we show that 
PRIME IDEALS IN OPERATOR RINGS 87 
Observe that 
The second inclusion uses the Leibniz formula, where 6” denotes the 
appropriate composition of derivations 6,, x E ,+ The last inclusion holds 
because A is g-invariant. It is now immediate that (R * 8) A c A(R * 8). 
The reverse inclusion holds similarly. 
LEMMA 2.3. Let P be a prime ideal of R * 8. Then P n R is a g-prime 
ideal qf R. 
Proof. It is clear that PA R is a y-invariant ideal of R. Let A, and A, 
be f-invariant ideals of R with A, A, c Pn R. By Lemma 2.2, 
2; := A,(R * 8) = (R * 8) A;, i= 1, 2. Furthermore A”,&=(R* 8) 
A,A,(R* ~)cP. Hence AicPfor some i, so AjcPcR. 
Because of Lemma 2.3 we may form (R/P n R) * 9 = R * y/(P n R) R * 8, 
a crossed product over the g-prime ring R/P n R. 
The conclusion of Lemma 2.2 may be strengthened by replacing 
“g-prime” with “prime” if one assumes that R is Noetherian. Warfield and 
Goodearl [S] have conjectured that the stronger result does not hold for 
R[x] b in characteristic zero. 
LEMMA 2.4. Let I be an ideal in a dtyferential operator ing R * 9. Define 
Z, = {r E R ) there exists 0: = C,,, G Ip, a,.?’ E Z with a, = r} for dim g-tuples ,u. 
For fixed n further define I+(n) = C,,, =n Z,. Then 
(i) I,, is an ideal of R and I+(n) is a g-invariant ideal of R. 
(ii) Suppose R * 4 is a differential operator ing and that 9 is an ideal 
of R with basis consisting of A-eigenvectors. IfI is an I-invariant ideal of 
R * 8, then the I, are all A-invariant. 
Proof (i) Fix p with (~1 =n. It is clear that Z, is a left ideal of R. And 
it follows from the fact that, for r E R, 
I Cf”, rll < IA (Leibniz rule) 
that I, is also a right ideal of R. To see that I+ = Z+(n) is y-invariant, let 
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a E I, and y E 8. Then there exists CI = I,,,, G n a,x” E I with a, = a. Observe 
that 
[a, j] = c a,[x*, j] +6,&z,) 2’. 
IYI <n 
Because the terms [X’, j] in the summation have total degree of at most n, 
and may have total degree n only if /VI = n, we may express the coefficient 
of X” in [cr, j] by 
where the 4” are scalars depending on the contribution of C,,, =n [X’, j]. It 
now follows from the fact that a, EZ,, (Iv1 = n) that &(a,) EC,“, =n I, = 
Z+(n). Thus Z+(n) is g-invariant. 
(ii) We need to show that 1, is A-invariant. Let ye&. By hypothesis, we 
choose the basis for 9 to consist of A-eigenvectors. Then each basis 
monomial X” E R * g satisfies 
[X”, jq =qh;xv+p, 
where IbPI < [VI and 4”~ k. We now see that the expression (*) above for 
the coefficient of?’ in [cr, j] E I is 
where dP E k is the eigenvalue corresponding to y. Hence &(a,,) EZ,, show- 
ing that I, is A-invariant. 
Using part (i) of Lemma 2.4 we now proceed to deduce that R * y is 
prime if R is g-prime. This is hardly surprising in view of the analogous 
result (Theorem 3.1) for crossed products of ordered groups (more 
generally, unique product groups). 
LEMMA 2.5. Let J be a nonzero ideal of a differential operator ring 
R* 8. Suppose O#p=CvGA b,X’ is an element of J of minimal support 
(coefficients on left, ns written) among nonzero elements of J. Further sup- 
pose that a = C, G Ir Ya, is an element of R * 9 with ~1. fl= 0. Then a,. /3 = 0 
for all v. 
Proof: We use induction on Ileft Supp(a)l (where coefficients are writ- 
ten on the right). The case [Supp( = 0 is trivial, so assume ISupp(a)] > 0. 
Let a = a, be the leading coefficient of a. Then degree considerations, along 
with the assumption that ap = 0, imply that Q. bA = 0. Now ap E J and has 
smaller support than fi. Hence afl = 0. 
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Define 
Then y E R * 9 and y. /I = 0. By induction we have a, * jI = 0 for all v < CL. 
Thus a,. fl = 0 for all v. Therefore the lemma is proved. 
THEOREM 2.6. Let R * 9 be a differential operator ing. If Q is a y-prime 
ideal of R, then Q(R * 8) is a prime ideal of R * 8. 
Proof: By passing to the ring R/Q we may assume that Q = 0. Let Z and 
J be nonzero ideals of R * 9 with ZJ= 0. Let m be the total degree of some 
nonzero element of Z. Using Lemma 2.4 and its notation, we have nonzero 
ideals Z,c R for ~1 with 1~1 =m and I+ =&,,=,, Z,E~. I+ is nonzero by 
our choice of m. These ideals depend on I. 
Let a E Z, where 1~1 = m. Then there exists CI E Z with c( = I,,, Gm ?a, and 
a, = a. Let /I be and element of J of minimal support (coefficients on the 
left) among nonzero elements of J. Lemma 2.5 now implies that a. /I = 0. 
Thus I,. fi = 0 for all p with 1~1 = m. Hence I+ . /I = 0. If /? # 0 is a nonzero 
coefficient of/I, then I+ b = 0. 
We now know that I+ has a nonzero right annihilator. Since the right 
annihilator of a y-invariant ideal is again f-invariant, we conclude that R 
cannot be f-prime. 
Now let us study R * 9 with R a q-prime ring. Let S = R,. Since the 
derivations 6,, x E 9 extend uniquely to S = R,, we might try to form an 
extension S * 8. If it existed, it would be a unique such extension of R * y. 
It is natural to define S * 9 by the formulas 
and 
c.f, Jl = cx, Yl + t(xv Y). 
With these formulas, we need only check that S * 9 is an associative 
ring. This and other basic properties are given in the following. 
LEMMA 2.1. With S= R,, and S * 9 as defined above, we have 
(i) There is a unique differential operator ing S * g extending R * 8. 
(ii) For each u E S * y there exists A E 9(g) with Au c R * 9 and 
aA c R * 8, Also, UA = 0 or Acx. = 0 implies that a = 0. 
(iii) Let E be the centralizer of R in S * 8. Zf 9 = gin,,, then 
S* g=S@,E, and E = C’[g], a twisted enveloping algebra over the 
field C. 
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Proof. (i) We provide a sketch of a proof of the associativity of S * 9. 
Embed both S and R * 9 in Q, the two-sided Martindale ring of quotients 
of the prime ring R * 8. The embedding of S in Q is defined naturally by 
extending maps A + R to maps A (R * 8) -+ R * 8, where A E fl( Y). Then 
one checks that the ring generated by S and R * 9 in Q is precisely S * 9. 
Since R * 9 is associative, so is Q; therefore S * 9 is associative. 
(ii) This is immediate from Lemma 1.2(ii). 
(iii) Assume 9 = g,,,. It follows easily from Theorem 2.6 and 
Lemma 1.3 that S * f is prime. Also S is centrally closed and C is a field by 
Theorem 1.4. Let d, be an element of S inducing the derivation I!?,, and let 
.f = .U - d, for all x E 8. Then 1 E E and S * 4 is a free S-module with a 
basis consisting of standard monomials in the 2. Hence S * Q = SE. Now 
Corollary 1.6 applies to give the result S * 9 = SOc E. 
Next suppose LYY E E, Then sl = C a,, K”, where the sum ranges over various 
basis monomials .ZV (f“ = .?;I . . .?;;, Ti=X,-d,,) and a,,ES. Since c( cen- 
tralizes S, as do the Z”, we deduce that the c(,, E S n E = C. Because the Z-“‘s 
are C-linearly independent, they form a C-basis for E. Observe that, for 
x,ye 9, [Z, j] = [x~J] + c(x,v) where c(x, y) is an appropriate lement of 
C. Since E is an associative algebra with basis consisting of monomials in 
the d, it now follows that E = C’[ 81, some twisted enveloping algebra over 
the field C. 
We remark that this argument is an analog of [ 10, Lemma 2.31. 
LEMMA 2.8. Let R * 9 he a differential operator ring with R f-prime. 
Consider the extension S * 9, S = R,. For every prime ideal P c R * 9 with 
P n R = 0 there exists a prime ideal P c S * 9 such that P n R * 9 = P and 
Pn S = 0. In fact we can define P = {M E S * 9 1 there exist A, BE 9( 8) 
such that ActBc PI. 
Proof: First, we show that P as defined above is an ideal of S * 8, P is 
clearly closed under addition. Let c( E P and y E S * 8. There exists an ideal 
A;. EF(f) such that yA, c R * 9 by Lemma 2.7(ii). Therefore, with A, B 
as in the definition of P, Aa(yA,. B) c Au. (R * y)B. By Lemma 2.2, 
(R * g)B= B(R * g), so 
Aay(A, B) c AaB(R * G) c P. 
Hence cry E P, showing that ij is a right ideal of S * 8. Similarly P is a left 
ideal. 
Next we show that Pn R + 9 = P, one inclusion being trivial. Let 
u E P n R * 8. As in the definition of P we have A, BE P( 8) with AaB c P. 
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By Lemma 2.2 we have that (R * f)A and B(R * 8) are ideals of R * 8. 
Observe that 
(R * Y) ActB(R * 8) c P, 
and that (R* y)A and B(R * 9) are not contained in P since P n R = 0. 
We conclude from the primeness of P that c1 E P. Thus P n R * 9 = P. 
It now follows that (PnS)nR=PnR=O, so pnS=O. 
Finally we show that P is a prime ideal of S * 8. Let I, and Z2 be ideals 
of S* 9 with I,I, c P. Intersecting with R * 9 we obtain (II n R * 8) 
(I,nR* g)cI,IznR* gCPnR* f= P. Therefore Zjn R * 9 c P for 
some i. Let cr~Z;. Then for some A c Y(f), Aac R * 8. Because I, is an 
ideal, 
AcrcIinR* gcP. 
Therefore c( E P, so Ii c P. This shows that P is prime. 
In the special case that 9 is g-inner on R, we have a sharp bound on 
primes contracting to zero. 
THEOREM 2.9. Let R * 9 be a ciifferential operator ring where R is a 
g-prime ring, and 9 = f,,,,,. If 0 # P, C$ . . . g P,, is a chain of prime ideals of 
R * 9 with n > dim 8, then P,, n R # 0. 
Proof: Observe that R * 9 is a prime ring by Theorem 2.6. Applying 
Lemma 2.7 we can form the extension 
s* g=S@C’[g], 
where C is a field and the twisted enveloping enveloping algebra C’[f] is 
the centralizer ofS in S * 8. Applying Lemma 2.8 we need only consider a 
chain of primes in S * 8. We know by Theorem 1.4 that S is centrally 
closed and S is a prime ring. 
In view of Lemma 1.5, it suffices to show that C’[ 81 has no chain of 
primes of length greater than n. But this follows, for example, because 
C’[ 81 has Krull dimension bounded by dim, 8, as in [4, 3.571, and 
classical Krull dimension is bounded above by Krull dimension in the 
Noetherian case ([6, Proposition 7.93 or [4, 3..5.11]). 
In the one-dimensional y-outer case we have the following. Here we must 
assume that k is of characteristic zero. 
THEOREM 2.10. Let R * 9 be a differential operator ring over a field k of 
characteristic zero with R g-prime. Suppose that a is a one-dimensional ideal 
d-9. If Bm n a = 0, then every nonzero, g-invariant ideal of R * a has non- 
zero intersection with R. 
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Proof. We may write a = kx where x is a g-eigenvector. Note that 
R * n = R[xls (6 = ~3,) an ordinary Ore extension. 
Let I be a nonzero g-invariant ideal of R * a with In R = 0. Let z be an 
element of I of degree (in x) minimal among nonzero elements of I. Let 
deg CI = n. By assumption n > 0. 
Define A=B,,={rcRI there exists a=CIGna,%‘EIwith u,=r}, as in 
Lemma 2.4(ii). Our choice of n along with that lemma imply that 
A E9-(9). 
For a E A there exists a unique element b E Z of degree n with leading 
coefficient a.To see this suppose 8’ is another such element. Then p - fi’ 
has lower degree, so /I - /? = 0. Now we can define a map f: A -+ R as 
follows. Let a E A and let J = xi<,, hi.? be as in the definition of A. Let 
uf = /I,, r. ,f is well defined because of the uniqueness of /I, and f is clearly a
left R-module homomorphism. 
Let us compute (ur),f where a = a,, E A, r E R, and CI is as in the definition 
of A. To this end observe that the coefficient ofxnP’ in ar depends on a 
and a,, -, ; more precisely we have 
ccr = C u,x’r 
= C u,rx’ + u,[xi, r]. 
By the Leibniz formula the coefficient ofx’~ ’ in ar is computed to be 
U ,, ~ , - und( r). 
Since the coefficient ofx” in ar in ar, the definition of the map f yields 
(ur) f = anpI r + and(r) 
= (uf )r + an6(r). 
Now we replace f with the element s of S,, the left quotient ring, which it 
represents (Lemma 1.2(iii)) to obtain 
am = usr + un6( r). 
Since a E A was arbitrary, we have 
A(rs - sr - d(r)) = 0; 
therefore, by Lemma 1.2(ii), [s, r] = -d(r). Using the fact that k is of 
characteristic zero (and n #O), we conclude that 6 is inner in the left 
quotient ring. Finally, Lemma 1.1 says that 6 is inner in S as well, so 
x E qmn n n-a contradiction. 
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Ahelian Lie Algebras 
We can now prove an analogue of incomparability for abelian Lie 
algebras, obtaining a sharp bound on the length of chains of primes with 
the same contraction to R. This next result uses both the f-inner and 
f-outer cases handled in the two previous theorems. 
THEOREM 2.11. Let R * 9 be a differential operator ring with 9 abelian 
over a field k of characteristic zero. Let P, $ . . . $ P, be a chain of prime 
ideals of R * 8. If n > dim 9, then P, n R # P,, n R. 
Proqfi We may assume that P, n R = 0 so that R is g-prime by 
Lemma 2.3. 
Because 9 is abelian we may decompose 9 = HZ @ n where m is an ideal 
of 9 containing ainn and n is an ideal of dimension at most 1. 
We proceed by induction on dim 8. Assume that dim 9 > 0, the contrary 
case being trivial. If9 = f,,,,,, we are done by Theorem 2.9; so assume that 
n is one dimensional. We may write 
some (twisted) differential operator ring of ++z over R * a. 
Since dim +Z = dim 9 - 1, our induction hypothesis yields 
P ,,-,nR*a#O. 
Finally, since n is a one-dimensional ideal of 9 with an yin,, c
n n +H = 0, Theorem 2.9 applies to give 
O#(P,,-,nR*a)nR=P,-,nR. 
Of course P,,- l n R c P,, n R so the latter is also nonzero. This completes 
the proof of the theorem. 
The Solvable Case 
The remainder of this section is devoted to the case where 9 is solvable 
over a field k of characteristic zero. We are led to the case where 9 has a 
one-dimensional ideal generated by an eigenvector x. 
We fix some hyotheses for the following sequence of lemmas. 
Let R * g be a differential operator ring and assume that g has a one- 
dimensional ideal kx. Then we may form R[x],, a subring of R * 8. 
Assume that R is g-prime. Denote the center of S by K. Note that Kneed 
not be a field because, possibly, fj,, # 8. Further assume that 6, of 
g-inner. Then E= K[Z] is the center of S[Z], where I =x - d for some 
de S (cf. Theorem 2.7(iii)). 
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Recall 9 acts on R[x],~ by Y + [a, 1. Since R * y c S * 9, f also acts on 
SC.?] and E by the same map. 
Noration 2.12. Let E = K[a] be as above. Z denotes a g-invariant ideal 
of R[x]~, and L denotes a f-invariant ideal of E. As above R is a g-prime 
ring with quotient ring S= R,. 
We now define ideal maps, relating ideals of R[x], with ideals of E. 
DEFINITION 2.13. (i) If L is a g-invariant ideal of E, using the 
notation of 2.12, define 
L” = L. ,??[a] n R[x]~. 
(ii) If I is a g-invariant ideal of R[x] ii, define 
Z”=(yEE1AycZforsomeA~~(8)}. 
For Z, L in the definition, one easily checks that Id is a f-invariant ideal 
of KC-?], and L” is a g-invariant ideal of R[x]~. These ideal maps are 
adaptations of those used in [S, Sect. 21. 
LEMMA 2.14. Use the notation of 2.12. Concerning Zd we have 
(i ) F’ is a g-invariant ideal qf E and 
(ii) Z“ is a generalized by a manic polynomial in K[T] of degree equal 
to the smallest degree among nonzero elements qf Z, unless I= 0, in which 
case Id = 0. 
Proof: (i) That I“ is an ideal is immediate from Lemma 2.7(ii) and the 
fact that KC<] is central in S[.?]. Let y E Zd and A E P( 8) with Ay c I. Let 
a E A. Then ay E I, and since I is f-invariant, 
6,.(q) = 6,.(a) y + acqy) E I. 
Here 6,. is the derivation induced by y~g. Since A E 9(p), we see that 
US,.(~) E I. We conclude that A&(y) c Z, so al.(y) E I“. Thus Id is g-invariant. 
(ii) Here it is convenient to use the left Martindale ring of quotients, S,. 
I= 0 implies that Z’=O by Lemma 2.7(ii), so assume that ZZO. Let n be 
the minimal degree among nonzero elements of I. Let Z, = A be as in 
Lemma 2.4. Note that Z, E 9( 8) by our choice of n and Lemma 2.4(ii). 
We define maps fi: A -+ R as follows. Given a E A, there exists an element 
c1= Cy=0 ail’ E Z with a,, = a; moreover this CI is unique, since if ~1’ were 
another such element, then CI - ~1’ = 0 by the minimality of n. Define ufi = a, 
for j = 0, l,..., n  Note that f, is the identity on A. It is clear that the fj are 
left R-module homomorphisms. 
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Let S, denote the left quotient ring of R with respect to B(g). Recall 
that S embeds in S, naturally, and derivations 6,X extend uniquely to SI. 
Also K is the center of S,. We may form the extension SI[xlg = S,[n] of 
R[x]&. It follows as in Lemma 2.3(iii) that the centralizer ofR in S,[%] is 
K[z]. 
Define fl = C; six’, where si = fi E S,. Since af, = asi for all a E A (the ver- 
sion of Lemma 1.2(iii) for the left quotient ring), we have A/3 c Z. Further- 
more, elements of the form a/I comprise the elements of minimal degree n 
in I. 
We show that fl E K[1]. Let r E R and observe that rb - Br has degree 
less than r (because /I is manic). Since A is an ideal, Arfl E I. Therefore 
A(r/?-/3r)cZ. Now the choice of n forces A(rj?-pr) =O. Lemma 2.7(ii) 
applies to give r/l = fir. Hence j? E K[z], as claimed. Thus p E Z”, and Zd con- 
tains a manic polynomial of degree n. It follows from the definition of Zd 
and the minimality of n that ZJ contains no nonzero polynomial of degree 
smaller than n. Finally, a division algorithm argument yields /I * K[.?] = Z? 
LEMMA 2.15. Using the notation of 2.12 suppose L, L, and L, are 
g-invariant ideals of K[a]. Then 
L”;L’; c (L, L,)” and Lc L”“. 
Proqf: Observe that Ly c SC?]. Li, so L’; . L; c L, S[a] . L,S[a] = 
L,L,.S[f] because L,, L, are central. Hence L; . L; c L, L, . S[x] n 
R[xla = (L, L,)“. 
Let YE L. Then there exists A e@(g) with Ay c R[xls. Therefore 
Ay c SC.?] . L n R[x]~ = L”. It follows from the definition of Zd that y E L”“. 
LEMMA 2.16. Using the notation of 2.12, we have 
(i) ZGZdU. 
(ii) rfZ is a g-prime ideal of R[x]~ with In R=O then Z= Zdu and Zd 
is a g-prime ideal of K[z]. 
Proof (i) Let cx E I# 0. Let BE Zd be a manic polynomial such that 
PE = Z“ (Lemma 2.14(i)). Because /I is manic of degree minimal among 
nonzero elements of Z, long division by the central element p gives 
where p, y E S[z] and deg p < deg 8. By Lemma 2.9(ii) there is an ideal 
BE F( 8) with Bp c R[x]~, yBc R[x]~. By definition of Zd there exists an 
ideal A E F(g) with A/I c Z. By taking intersections inthe g-prime ring R, 
we may assume that A = B. Thus, for a, a’ E A, 
aua’ = apya’ + apa’. 
481/106/l-7 
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Observe that up E Z and ya’ E R[x]~, so a/3@ E I. Clearly aaa’ E I. It follows 
that upu’ is an element of Z of degree less than deg 8. We infer that 
ApA = 0. The f-primeness of R implies that p = 0. Therefore CY = fl. y, so 
~~EZ~.S[~],R[.X]~=Z~“. 
(ii) Assume Z is p-prime, and let tl E Id”. Since Id is generated by a 
manic polynomial fin E, a~by with y~S[z]. By definition of Id there 
exists A E 9(g) with Ap = PA c I. And by Lemma 2.7(ii) there exists 
A’EF(~) with y.A’c R[xla. Observe that 
R[x]~.A~A’.R[x],=R[~],.A/I.~A’.R[x], 
c I. 
By Lemma2.2, R[x],.A, and R[x],.A’ are ideals of R[x]&. These ideals 
are q-invariant because A, A’ are; furthermore these ideals have nonzero 
intersection with R, so they are not contained in I. We deduce from the 
g-primeness of Z that a E I. Thus Id” c I. 
To show that I” is g-prime we apply Lemma 2.15. Let L,, L, be 
g-invariant ideals of E. If L, L, cZd then we have by the above that 
(L, L,)” c Id” c Z, so L’; L; c Z by Lemma 2.15. Since each Lf; is a 
g-invariant ideal of R[x]~, we conclude that L;c Z for some i. Finally 
Lemma 2.15 yields L, c L;“c Zd for some i, showing that Zd is g-prime. 
THEOREM 2.17. Let R * p be a differential operator ring over a field k of 
characteristic zero. Suppose g has a one-dimensional ideal kx, and form 
R[xlb. Zf P, S$ P, $ P, is a chain of g-primes ideals of R[xlii, then 
P,nR#P,nR. 
Proof: By Lemma 2.3 we may pass to RIP, n R and thus assume that R 
is g-prime. We must show that P, n R # 0. By Theorem 2.10 we may 
assume that 6 = 6, is g-inner. Now we can use the notation of 2.12, with 
SC.?] = S[x],,, and E= KC.?]. 
Suppose that P, n R = 0. Lemma 2.16(ii) implies that 0 $ Py $ Pi is a 
corresponding chain of g-primes of E, and, further, these g-primes are 
generated by manic polynomials, say p, and p2. Therefore there exists a
nonzero element y such that B, = /12. y. Consequently P;‘= Pt. y. We infer 
from the f-primeness of Pf that y E P f. Hence deg y > deg 8. But this con- 
tradicts the equality b, = b2 y, Thus P, n R # 0. 
THEOREM 2.18. Let R * 9 be a differential operator ring over a field k of 
characteristic zero, and g completely solvable. Let P, $ P, $ ” ’ $ P, be 
chain of prime ideals of R * 9 of length n 3 2dimk9. Then P, n R # P, n R. 
Proof Let d = dim, 8. Assume that 9 is completely solvable. We use 
induction on dim, 8, the case dim, 9 = 0 being trivial, so assume d > 0. 9 
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has a one-dimensional ideal kx, and f/kx is completely solvable. We may 
write 
R * g= R[x-& * 8/kx, 
some (twisted) differential operator ring over R[xls (6 = 6,). 
Since n - 2dP ’ > 2dP I, induction yields 
P,nR[x], sj P+I n R[x];, c$ P, n R[x]~. 
Rename this chain (in the obvious manner) so that Q, $ Qr s Q2, with 
Q,, = P, n R[xls, etc. By Lemma 2.3, the Qj are f-prime ideals of R[xls. 
We now apply Theorem 2.19 and obtain 
that is, (P,n R[x]~) n R s (P,n R[x],)n R. The conclusion follows 
immediately. 
Using results on primes in finite centralizing extensions [ 133, we may 
now handle the more general finite dimensional solvable case. 
COROLLARY 2.19. Let R * 9 be a differential operator ring with g finite 
dimensional solvable and char k = 0. Let PO $ P, $ . . . $ P, be a chain of 
prime ideals of R * 8. If n > 2dimk9, then P, n R # P, n R. 
Proof: Extend the base field k to a field k’, so that k contains enough 
eigenvalues to make 90 k’ completely solvable over k’. Extend R and 





All of these extensions are finite centralizing extensions (“liberal” in 
the sense of Robson and Small). For these extensions we have “lying 
over,” “going up,” “incomparability” [13, Theorem 2.1, Corollary 4.2, 
Theorem 4.61. 
By lying over and going up, there exists a chain of primes of T, 
Qo $ Q, $i ... $i Qn 
such that Qj n T = Pi for all i. 
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By Theorem 2.10, we have 
Qon R’ sj Q,n R’. 
The Qi n R’ are g-prime ideals of R’ by Lemma 2.3. 
Let I, = (Q, n R’) R’, i = 0, n. Note that I,, $ I,, and by Theorem 2.6, the 
Zj are prime ideals of T’. Incomparability yields I, n T $ Z, n T. 
Finally, observe that 
Z,n T= (Qin R’)Tn T 
=(QinR)T 
=(P;nR)R* 8, i = 0, n. 
Therefore P, n R # P,, n R. 
As a final remark concerning differential operator rings, we note that if 9 
is nilpotent, the 2d’” Y bound may be slightly sharpened using the abelian 
case along with an argument similar to the one we shall use for nilpotent 
groups in Theorem 3.10. 
3. CROSSED PRODUCTS OF INFINITE GROUPS 
In this section R will be a ring and G will be a group whose elements act 
as automorphisms of R via a map 0: G + Aut R. The goal of this section is 
to obtain results analogous to those of Section 2. When G is finitely 
generated abelian we obtain a bound on lengths of chains of primes of the 
crossed product R * G with equal intersections with R (Theorem 3.9), the 
bound being equal to the Hirsch number of G. If G is finitely generated 
nilpotent we get an exponential bound on the length of such chains 
(Theorem 3.10). Our results chiefly use analogous methods to those of 
Section 2, so we sometimes supply fewer details than in the Lie algebra 
situation. 
In this section 9(G) will denote the set of nonzero G-invariant ideals of 
a ring R. If R is G-prime we can form S = R,, the 2-sided Martindale ring 
of quotients with respect o F(G) as described in Section 1. 
Preliminaries concerning R * G 
We briefly describe the crossed product R * G. R * G is an associative 
ring with basis {Xlx~ G} over R. Every element CI E R * G may be written 
uniquely 
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where rI E R. Multiplication is given by the formulas 
ij = t(x, y) q 
and 
where t: G x G + U(R) is a 2-cocycle twisting into U(R), the group of units 
of R. One can easily determine the relations on t and (T necessary to make 
R* G an associative ring. In R* G, 1 =t(lG, 1,))’ i,, so, with an 
appropriate change of basis, we may assume that 1 = i. Note that the 
automorphism 0.x, x E G equals conjugation by X. 
Let 9 = { UX 1 u E U(R), x E G}, the group of trivial units of R * G. Then 
g/U(R) E G. Since conjugation by elements of U(R) stabilizes ideals of R, 
G has a well-defined action on the ideals of R. 
To relate G-primes of R with primes of R * G we need 
LEMMA 3.1. Let P be a prime ideal of a crossed product R * G. Then 
Pn R is a G-prime ideal of R. Conversely, if Q is a G-prime ideal of R 
and G is a unique product group (e.g., an ordered group), then 
Q( R * G) = (R * G) Q is a prime ideal of R * G. 
Proof The first statement is contained in [8, Lemma 1.11. The second 
follows from [ 11, Corollary 1.21 and the observation that (R/Q) * G g 
R*GJQ(R*G). 
Assume that R is G-prime so that S= R, exists. We extend a crossed 
product R * G to S * G. Owing to the unique extension of the action of G 
(Lemma 1.2(iv)), the extension S * G is unique. One can check that this 
crossed product formed with the twisting obtained from R * G is 
associative (see [ 10, Lemma 2.3 ] ). 
Denote the center of S by C and the centralizer of S in S * G,,, by E. 
C is the extended center of R (relative to G). 
LEMMA 3.2. Using the above notation, S * Gin” = SOc E= C’[Ginn], 
some twisted group algebra over the commutative ring C. 
Proof As in [S, Lemma 5.21 and also [ 10, Lemma 2.31. Here we 
assume E c S * G,,, . Note that C need not be a field if G # Gin,. 
LEMMA 3.3. Let R * G be a crossed product with R G-prime. Then, for 
every prime ideal P c R * G with PA R = 0, there exists a prime ideal 
PcS*GwithPnR*G=PandpnS=O.Infactwemaydefine 
P = {y E S * G ( there exist A, BE 9(G) with AyB c P}. 
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Proof This is the analog of Lemma 2.8 for crossed products. The proof 
goes through, replacing R * 9 with R * G. 
We denote the Hirsch number of a polycyclic by finite group G by h(G). 
Again, if the action of G is G-inner, we obtain a sharp bound on lengths 
of chains intersecting R trivially. 
THEOREM 3.4. Let R * G he a crossed product with R a G-prime ring 
and G = G,,, . Suppose that G is a polycyclic by finite group. If 
0 $ PI z$ . gs p, is a chain of prime ideals of R * G with I > h(G), then 
P,n R #O. 
Proof Since G = G,,,, S is centrally closed, prime and C is a field by 
Theorem 1.4. Applying the previous two lemmas and Lemma 1.5 we see 
that it suffices to show that E= C’[G] has no chain of primes of length 
greater than h(G). But E has Krull dimension at most h(G), so its classical 
Krull dimension is at most h(G) (see, e.g., [6, Proposition 7.91). 
To deal with G-outer automorphisms we prove an analogue of 
Theorem 2.10. Two lemmas are required first. Our argument is an adap- 
tation of [S, Proposition 5.41. 
LEMMA 3.5. Let R be a G-prime ring with quotient ring S= R,, and let 8 
be an automorphism of R with AH= A for all A Ed. Suppose that 
A, BE 9( g) andf: A + B is a bijective left R-module homomorphism satisfy- 
ing 
(ar)f= (af 1 r’ 
for all r E R and a E A. Then s = f is a unit of S which induces 8 by con- 
jugation. 
Proof See [8, Lemma 2.l(iii)] where a similar statement is proved. 
LEMMA 3.6. Let Z be a central subgroup of G and let R * G be a crossed 
product with R a G-prime ring. Suppose T= (xl = l,..., x,} is a subset of Z, 




r E R there exists i r,xiE I with ri = r . 
j= I I 
Then 
(i) Bit 9(G) for all i. 
(ii) Let A = B, . There exist maps fi: A + Bi for all i such that s, = fi 
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is a unit in S = R, which induces the automorphism X; ’ = ox,-1 by con- 
junction. 
(iii) Every element of In R * T can be written as 
for some aE A. 
Proof. Observe that the B, are ideals of R which are G-invariant 
because Z is central in G and I is G-invariant. 
(i) is immediate using the minimality condition on T. 
Given a E A, there exists C; a,xi E In R * T with a, = a. Define the mapf, 
by af, = a,. The minimality condition on T ensures that the mapsf, are well 
defined and bijective, and it is immediate that the f, are left R-module 
homomorphisms and that f, is the identity on A. 
Let a E A and let a: be as in the definition of A. Fix t E R. Then 
It follows from the definition of the f, and the fact that X, = i that 
(at)hfi= a,[";'= (af) t'l'. 
Applying Lemma 3.5 to the f, yields (ii). 
Furthermore our construction clearly ields 
with a, = a, f, E A. This completes the proof of the lemma. 
The following result deals with the G-outer case. It is an easy con- 
sequence of Lemma 3.6. 
THEOREM 3.1. Let R * G be a crossed product and let Z be a central sub- 
group of G. Suppose that R is G-prime with quotient ring S= R,. if 
Gi,, n Z = 1, then every nonzero G-invariant ideal of R * Z has nonzero 
intersection with R. 
ProoJ Let Z be a nonzero G-invariant ideal of R * Z. Let a be an 
element of minimal support size among nonzero elements of I. Let 
T= Supp(cr). If YE T, then ISupp(cly-‘)I = 17’1 and 1 E Supp(Cry-‘), so we 
may assume that 1 E T, and hence T is minimal as in the hypothesis of 
Lemma 3.6. Applying this lemma, we see that XE Gin” for all x E T. Thus, 
TcZnG,,,=1, and we have T=l; so O#InR* T=InR. 
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We need the following lemma to drop to a subgroup of finite index. 
LEMMA 3.8. Let R * G be a crossed product where has a normal subgroup 
of finite index H. Let P, $ P, $ . . . C$ P, be a chain of primes of R * G. 
Then there exist primes Q, $ Q, $ . . $ Q, of R * H satisfying: 
(i) Qi is a minimal prime containing Pin R * H for all i. 
(ii) If Q, n R # Q, n R, then P, n R # P, n R. 
Proof We may write R * G = (R * H) * G/H for a suitable crossed 
product of the finite group G/H. Let Qi be a prime of R * H minimal over 
Pin R * H for each i. It follows from [S, Lemma 3.11 that 
n r;E TQ: = P, n R * H, where T denotes a transversal for H in G. Since 
T is finite and Qn is prime, we deduce from the fact that 
n,..Q,:~,=P,,-,nR*HcR*HcQ, that Qz-,cQ,, for some XET. 
Therefore we may replace Q,,- , with a suitable conjugate so that 
Q,, _ , c Q,?. In this manner we obtain the chain Q, c Q I c . . c Q,. 
Applying the incomparability result crossed products of finite groups [8, 
Theorem1.21, we have P,nR*H$ P,nR*H$...$ P,nR*H. 
Therefore, since n r Qf = Pi n R * H for all i, we must have Q, $ . . . $ Q,. 
It remains to prove (ii). To this end suppose that P, n R = P, n R. Then 






Since Q, n R is H-prime and (Q, n R)” is H-invariant for all x E T, we see 
that (Q,, n R)” c Q, n R for some x E T. Therefore (Qn n R)“c Qn n R. 
Applying .’ successively to this inclusion and using our assumption that H 
has finite index in G, we deduce that Qn n R = (Q, n R)“. Hence 
Q,,nR=(Q,,nR)‘cQ,,nR, so Q,nR=Q,nR. This proves (ii). 
Abelian Groups 
THEOREM 3.9. Let G be a finitely generated abelian group and let R * G 
be a crossed product. Suppose P, $ . . ’ $ P, is a chain of prime ideals of 
R*G. Ifn>h(G), then P,nR#P,nR. 
Proof By passing to R/P, n R we may assume that R is G-prime and 
P,nR=O. 
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Let H be the smallest pure subgroup of G containing Ginn. Then G/H is 
torsion-free, G = H x G with G z G/H, and Gin” has finite index in H. Now 
we may write 
R*G=(R*H)&=(R*@*H 
for appropriate crossed products of G and H. 
We proceed by induction on h(G). The case h(G) = 0 is incomparability 
for finite groups [8, Theorem 1.21, so assume that h(G) # 0. Suppose G = 1, 
that is, G = H. We apply Lemma 3.8 to reduce to a chain of primes of 
length n in R * G,,,. Now Theorem 3.4 applies to give the desired result. 
Next suppose G # 1. Then h(H) < h(G), so by induction we have 
for m>h(H). Since Gn Gin0 = 1 and G is abelian, Theorem 3.7 (with 
Z = G) yields P, n R # 0. Consequently P, n R # 0. 
Nilpotent Groups 
THEOREM 3.10. Let R * G be a crossed product with G a finitely 
generated nilpotent group with h(G) = n. If P, $ ‘.. $ P, is a chain of 
primes of R * G of length 13 2”, then P, n R # P, n R. 
ProoJ: By [S, Theorem 1.21 we may assume that G is infinite, and 
hence G has an infinite cyclic central subgroup Z. Then we may write 
R * G = (R * Z) * G/Z, some crossed product of G/Z. 
We may assume that P, n R = 0, so R-prime and we must show that 
P,, n R # 0. If G = Z we are done by Theorem 3.9 or [S, Theorem 5.83 since 
h(Z) = 1. If G # Z, then h(G/Z) = n - 1, so by induction on h(G) we obtain 
a chain of G-primes 
of R*Zwhere Q,=P,nR*Z, Q,=P,,-tnR*Zand Q2=P,“nR*Z. 
Let 9 be the group of trivial units of R * G and let F be a free (hence 
ordered) group which maps onto B. Then we have group homomorphisms 
F-+ Y + Aut(R * Z), where 3 acts by conjugation on R + Z. Form the 
skew group ring (R * Z) F. Note that F acts trivially on Z/U(R) SI Z where 
Z is the group of trivial units of R * Z, and we may write 
(R * Z)F= (RF) * Z, 
a crossed product over the skew group ring RF. 
Note that each Qj is G-prime and hence F-prime, so Lemma 3.1 implies 
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that Qi= Q,(R * Z)F is a prime ideal of (R * Z)F for all i. Now 
Theorem 3.8 yields 
Do n RF # & n RF. 
Define 7~: (R * Z)F -+ R * Z to be the natural projection onto the coef- 
ficient ring R * Z. Observe that T((RF) = R and n(&)= Qi. Therefore 
R(~~~RF)cQ,~R=(P~~~R*Z)~R=P,.~R. Since &,nRF is a 
nonzero ideal of RF, it follows that rr(& n RF) #O. Thus we have 
O#x(&nRF)cP,.nR. 
We remark that the above result may also be obtained by an adaptation 
of a result of Bergman (unpublished), which deals with prime ideals in 
Z-graded rings [Z]. 
We also remark that the above bound 2h’“’ may be sharpened by taking 
Z = Z(G) in the proof. Specifically, if hi denotes the Hirsch number of the 
ith factor in the upper central series for G and n is the nilpotency class, 
then we may replace 2”‘G’ with the integer 
(Al + 1 )(h* + 1) ‘.. (A,, + 11, 
a bound which reduces to the abelian case if n = 1. 
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